This paper deals with an integrated model for the joint determination of both economic production quantity (EPQ) and level of preventive maintenance (PM) for an imperfect production process. This process has a general deterioration distribution with increasing hazard rate. The effect of PM activities on the deterioration pattern of the process is modeled using the imperfect maintenance concept. In this concept, it is assumed that after performing PM, the aging of the system is reduced proportional to the PM level. After a period of time in production, the process may shift to out-ofcontrol states, either type I or type II. A minimal repair will remove type I out-of-control state. If type II out-of-control state occurs, the production process has to stop followed by the restoration work. Examples of Weibull shock models are given to illustrate that performing PM results in a lower cost than no PM action.
Introduction
The batch mode of production is widely used in most manufacturing industries and the problem of the determination of economic production quantity (EPQ) for manufacturing processes has been well studied in literature [3] . In fact, production system must be maintained through adequate maintenance programs. Despite of the fact that there is a strong link between maintenance production and quality, these fundamental aspects of any manufacturing systems are traditionally modeled as separate problems. Few attempts have been made to integrate them in a single model that captures their underlying relationships. The classical economic production quantity model assumes that the output of the production system is defect-free. When developing EPQ models, consideration of controlling the quality of the product has generally not been taken into account. In addition, the effect of EPQ on the economic design of control charts has not been well studied as well. Rosenblatt and Lee [5] have found that, when the production process is subject to a random process deterioration that shifts the system from an in-control state to an out-of-control state followed by producing non-conforming items, the resulting optimal EPQ is smaller than that of the classical model as expected. Porteus [4] has also observed similar results. For further review of the EPQ topics with imperfect production processes, the reader can refer to Ben-Daya [12, 14] .
The basic concept of preventive maintenance (PM) activities is to improve both the reliability of production system and the conforming rate of items. A more realistic approach may model the failure rate of the system is somewhere between 'as good as new' and 'as bad as old'. This concept is called imperfect maintenance. The reader can refer to Nakagawa [2, 7] . It is noteworthy that the production cycle is rarely interrupted in the realistic situation even the system is in out-of-control state. In this article, we consider that the out-of-control state may include two types. A minimal repair can remove type I out-of-control state. The production system will not be interrupted by type I out-ofcontrol state. Whereas type II out-of-control state makes the production systems have to cease and restoration work is carried out. The reader can refer to Sheu [10, 13] .
System operation, notation and assumptions
The production system is considered to produce a single item and begins in an in-control state. That is, the system produces items of acceptable quality. However, after a period of time in production, the process may shift to an out-of-control state. The process is inspected at times t , ..., to assess the state of the production system whether keeps in the in-control state or not. At the same time, PM activities are carried out except that the production system has to stop. The production cycle will be ceased either when the system is transferred to type II out-of-control state, or after the mth inspection whichever occurs first. The process is then restored to the in-control state and to the as good as new condition by a complete repair or replacement if necessary. :actual age of the system right after the jth PM Finally, the assumptions of the classical EPQ model principally apply to this integrated model except for additional assumptions described as follows: 1.
The time that elapses until the production process shifts to the out-of-control state is a random variable and follows a general distribution with increasing hazard rate.
2.
The process is inspected at times t … to assess its state. If the system keeps the in-control state, PM activities are carried out. The time of performing PM and inspection is assumed to be negligible. , ,
If any inspection shows that the process is in out-of-control state. The out-of-control state may include two types. Type I out-of-control state occurs with probability θ − 1 and can be removed by a minimal repair with cost C , whereas type II outof-control state occurs with probability mr θ and production has to cease and restoration work is then carried out. Assuming that once a shift to the out-of-control state has occurred the production process will stay in that state until the inspection is carry out, regardless of the type of out-of-control state.
4.
The hazard rate of the production process remains undisturbed by minimal repair.
5.
While in the out-of-control state, the process produces nonconforming items at a nonconforming rate and with type I out-of-control state and type II outof-control state, respectively.
Inspection intervals are determined such that the integrated hazard rate over each interval is constant. 7.
Inspections are error free and shortages are not allowed. 8.
Production system aging reduction only depends on the level of PM activities. The PM cost is a decision variable and is kept the same throughout the time horizon under consideration. 9.
The process is restored to the as good as new state whenever a type II out-of-control state occurred or after the mth inspection is performed, whichever occurs first. Thus, a renewal process occurs at the end of each cycle.
Model development
The total expected cost per production cycle consists of the setup cost, inventory holding cost, PM cost, inspection cost and quality related cost (i.e. cost of nonconforming items, restoration cost).
The setup cost and inventory holding cost
Before deriving the costs, let us determine the expected production cycle length. The expected inventory cycle length is given by
where is the expected production run length. Let be the conditional probability that the process shifts to the out-of-control state during the time interval ( , ) given that the process was in in-control state at time t . Then,
Let be the expected residual time in the production cycle beyond t given that the process was in in-control state as time t ,
. Consequently,
Therefore, the expected production cycle .
The various costs per production cycle are easily derived as follows:
The preventive maintenance cost and inspection cost
As mentioned earlier, we use the concept of imperfect maintenance. After performing PM, the aging of the system is somewhere between as good as new and as bad as old depending on the level of PM activities. The reduction in the aging of the production system is a function of the cost of preventive maintenance. Let
η where . The parameter η is an imperfectness factor which implies that there is degradation in the effect of PM in the aging of the system and presents the imperfectness coefficient at the kth PM. A full PM brings the production system when the cost of PM reaches to C , the maximum cost of preventive maintenance. Let denotes the aging of the production system right before (after) the kth PM. Linear and
nonlinear relationships between aging reduction and PM cost may be considered [14] .
Here we assume that this relationship is linear and is given by
Note that the aging of the production system at time t j is given by 
Preventive maintenance cost:
Since the inspection is error free and PM activities are carried out after each inspection except that the production system has to stop, the expected PM cost per production cycle, 
The quality related costs

Cost of producing nonconforming items:
Let and be the expected number of nonconforming items due to type I out-of-control state and type II out-of-control state respectively during jth interval. Then, ) (
The total expected number of nonconforming items per production run
The total cost of producing nonconforming items per unit time is given by
Restoration cost:
where r 0 and r 1 are some constants and assuming that the restoration cost changes linearly with the detection delay. In other words, . ) ( ) ( 
Solution procedure
The expected total cost is composed of setup cost, inspection cost, inventory holding cost, quality related costs (i.e. cost of nonconforming items, restoration cost) and PM cost. For a renewal reward process [1] , we have the expected total cost per expected cycle length as follows
where
K, E(IC), E(HC), E(QC), E(PM)
, and E(CT) are the setup cost, inspection cost, inventory holding cost, quality related costs, PM cost, and the expected inventory cycle length, respectively. The problem is now transferable to determine simultaneously the optimal lengths of the inspection intervals, namely h 1 , h 2 , …, h m , the optimal cost of PM and the number of inspections. For a Markovian shock model, a uniform inspection scheme provides a constant integrated hazard rate over each interval. Banerjee and Rahim [12] extended this idea to non-Markovian shock models by choosing inspection intervals and concluded that the integral is the same for all intervals. That is
If the time of the process staying in the in-control state follows a Weibull distribution, that is, its probability density function is given by , ,
then, the length of the inspection intervals h j , j=2, 3,…, m, can be determined recursively as follows [15] . 
The solution procedure is reduced to determine the values of the decision variables m, h 1 , and Cpm. It is suggested that the stepwise partial enumeration procedure can be employed to minimize the cost function. However, due to the characteristics of the cost function, some modifications to the standard method have to be made to account for the inherent integrality constraint on the number of inspections. The optimal value of m could be determined by the following two inequalities:
and . Finally, we present numerical examples to illustrate important aspects of the developed integrated model. In the following numerical examples, we assume the time during which the process remains in the in-control state follows a Weibull distribution with scale and shape parameters In table 1, the relationship among different θ (θ=0.1, θ=0.5, θ=1.0) and K (K=150, K=300) will be used to investigate the effectiveness of PM level on expected total cost. With no PM under the setup cost K=150, the expected total cost amount to 300.90, 297.09 and 318.86 for θ=0.1, θ=0.5 and θ=1.0, respectively. The optimal cost of PM on different θ is obtained, leading to the expected total cost amount to 262.63, 257.50 and 265.09 for θ=0.1, θ=0. 5 and θ=1.0, respectively. These results transparently illustrate the effectiveness of PM level. The percentage cost savings is 12.72% if the model of full PM level or PM level = 1.0 is used instead of the model of no PM or PM level = 0.0 when θ=0.1 and K=150. The effectiveness of PM level on expected total cost shows that the importance of PM action when a production system works with larger setup cost. If the setup cost of the production system is double (K=300), the effectiveness of PM level (the percentage cost savings) for θ=0.1 is 20.21%. Similar results are presented here when θ=0.5 and θ=1.0.
On the other hand, the PM action also affects the economic production quantity. The production lot-sizing rises from 472.42 to 768.03 if the model of PM level = 1.0 is used instead of the model of PM level = 0.0 when θ=0.1 and K=150. As a matter of fact, a production run will be as longer as higher PM level. This is due to the fact that performing PM action will make the production system younger and hence longer production run will still be feasible.
Conclusion
In this paper, we constructed an extended production-maintenance model using joint determination of EPQ and PM cost for an imperfect process having a general deterioration distribution with increasing hazard rate. This model improves the practicalities of the assumptions in the production system. We also formulated various scenarios for theoretical analysis and analyzed several experiments to illustrate the effectiveness of PM level. As seen in the simulation experiments, the effectiveness of PM level is well demonstrated when production system associated with larger setup cost. Also, it is found that performing PM will yield reductions in expected total cost.
